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Abstract 

We show that QM can be represented as a natural projection of 
a classical statistical model on the phase space Q = H x H, where 
H is the real Hilbert space. Statistical states are given by Gaussian 
measures on Q having zero mean value and dispersion of very small 
magnitude a (which is considered as a small parameter of the model). 
Such statistical states can be interpreted as fluctuations of the back- 
ground field, cf. with SED and Nelson's mechanics. Physical variables 
(e.g., energy) are given by maps / : f2 — > R (functions of classical 
fields). The conventional quantum representation of our prequantum 
classical statistical model is constructed on the basis of the Taylor ex- 
pansion (up to the terms of the second order at the vacuum field point 
V'vacuum = 0) of variables / : Q ^ R with respect to the small param- 
eter ^/a. The complex structure of QM is induced by the symplectic 
structure on the infinite-dimensional phase space A Gaussian mea- 
sure (statistical state) is represented in QM by its covariation operator. 
Equations of Schrodinger, Heisenberg and von Neumann are images of 
Hamiltonian dynamics on f2. The main experimental prediction of our 
prequantum model is that experimental statistical averages can devi- 
ate from ones given by QM. 



1 



1 Introduction 



In the first part of this paper [1] we demonstrated that, in spite of all "NO- 
GO" theorems, it is possible to construct a general prequantum classical 
statistical model, cf. with SED [2], [3], Nelson's stochastic mechanics [4] and 
Hooft's deterministic prequantum models [5], [6]. The phase space of this 
model is the infinite dimensional Hilbert space. Thus classical "systems" are 
in fact classical fields. We call this approach Prequantum Classical Statistical 
Field Theory (PCSFT). There was constructed a natural map T establish- 
ing the correspondence between classical and quantum statistical models. 
This map T produces the following relation between classical and quantum 
averages: 

< / >p= a < T{f) >T(p) +o(a), a ^ 0, (1) 

where p and / are, respectively, a classical statistical state and a classical 
variable. Here a - the dispersion of the Gaussian measure p (having zero 
mean value) - is considered as a small parameter of the model: 

^\P)- J Urdpii^)^a^O. 

Quantum states (pure as well as mixed) are images of Gaussian fluctuations 
of the magnitude a on the infinite dimensional space fl. 

In [1] we considered the quantum model based on the real Hilbert space 
H. This model is essentially simpler than the complex QM. It is well know 
that justification of introduction of the complex structure in QM is a very 
complicated problem. We show that the complex structure is the image of 
the symplectic structure on the infinite dimensional phase space. 

We found the classical Hamiltonian dynamics on the phase space which 
induces the quantum state dynamics (Schrodinger's equation). The crucial 
point is that the classical Hamilton function should be J -invariant: 

niJi^) = nii^), (2) 

where ib e = Qx P. Q = P = H, and J: QxP^QxP is the symplectic 
operator. The main reason to consider classical dynamics with J-invariant 
Hamilton functions is that such dynamics preserve the magnitude of classical 
random fluctuations: the dispersion of a Gaussian measure. In our approach 
the conventional (linear) quantum dynamics is the image of the classical dy- 
namics for a special class of quadratic Hamilton functions, namely, satisfying 
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the condition ^ . Thus any quantum dynamics is in fact dynamics of a clas- 
sical (but infinite-dimensional harmonic oscillator). Since all models under 
consideration are statistical, dynamics of a quantum state (including a pure 
state) is dynamics of a Gaussian ensemble of infinite- dimensional harmonic 
oscillators. For nonquadratic Hamilton function classical dynamics on Vt can 
be represented as a nonlinear Schrddinger equation. Thus by representing QM 
as the image of PCSFT we see that the nonlinear Schrodinger equation is 
not less natural than the conventional linear equation. 

Our approach is based on scaling of the classical prequantum model based 
on a small parameters a > 0. The parameter a describes the magnitude 
(dispersion) of quantum fiuctuations. In our approach quantum averages are 
obtained as approximations of classical averages (when a — 0) for amplified 
classical variables. If for a classical variable /(^) we define its amplification 

by 

f^W = -/(^) 

a 

then ((1} implies that 

^ f ^quantum lim < f(^ ^classical (3) 
a— +0 

In the first version of our approach [1] we identified the parameter a with 
the Planck constant h (all parameters were considered as dimensionless). 
This was motivated by SED and Nelson's stochastic QM in that quantum 
fluctuations have the Planck magnitude. However, our own model does not 
say anything about relation of the Planck constant and the magnitude of 
quantum fluctuations. We could not exclude the possibility that the a-scale 
is essentially finer that the SED-scale based on the Planck constant h. 

Thus in our approach QM is a theory about amplification of quantum fluc- 
tuations, fiuctuations of the prequantum classical field ("background field"). ^ 
So we are in the same camp with SED-people with the only possible differ- 
ence: the energy scale. 

We pay attention that any point wise classical dynamics (in particular, 
Hamiltonian) can be lifted to spaces of variables (functions) and statistical 
states (probability measures) . In the case of a J-invariant Hamilton function 

^ It is a good place to cite a remark of Greg Jaeger at the round table of the conference 
QTRF-3 (Vaxj6-2005): "Quantum fluctuations are very important. We actually amplify 
them in our laboratories using Parametric Down Conversion," see [7]. 
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by mapping these lifting to QM we obtain, respectively, Heisenberg's dy- 
namics for quantum observables and von Neumann's dynamics for statistical 
operators. 

We emphasize that one should distinguish (as always in classical statis- 
tical physics) dynamics of states of individual physical systems (point wise 
dynamics) and dynamics of statistical states (dynamics of probability dis- 
tributions). In conventional QM these two dynamics are typically identi- 
fied. Our approach supports the original views of E. Schrodinger [8], [9]. 
Schrodinger's equation is a special type of the Hamiltonian equation on the 
infinite-dimensional phase-space (the space of classical fields). By our inter- 
pretation this equation describes the evolution of classical states (fields). It is 
impossible to provide any statistical interpretation to such individual states. 
In particular, the wave function considered as a field satisfying Schrodinger's 
equation has no statistical interpretation. Only statistical states (probability 
measures in the classical model) and corresponding density operators (which 
are in fact scalings of covariation operators of measures representing statis- 
tical states) have a statistical interpretation. The root of misunderstanding 
was assigning (by M. Born) the statistical interpretation to the wave function 
and at the same time considering it as the complete description of an indi- 
vidual quantum system (the Copenhagen interpretation). The tricky thing 
is that in fact Born's interpretation should be assigned not to an individual 
state ^, but to a statistical state given by the Gaussian distribution with the 
covariation operator: 

= a ^ (g) ^. (4) 

Thus pure quantum states are simply statistical mixtures of special Gaussian 
fluctuations (concentrated on two dimensional (real) subspaces of the infinite 
dimensional Hilbert space), see section 9 for details. One could reproduce 
dynamics of such a statistical state by considering the Schrodinger equation 
with random initial conditions: 

ih^it; ^) = mt; e(to; ^) = W), (5) 

where H is Hamiltonian and .Co(^) is the initial Gaussian random vector 
taking values in the Hilbert space. We emphasize that ||'^(t;^)|| G [0,-|-oo). 
There is no place for the standard normalization condition: ||C(t;'V')|| = 1- 
Quantum randomness is not irreducible, cf. with von Neumann [10]. This is 
classical randomness of initial conditions, cf. with Bohmian mechanics [11], 
[12]. 
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We remark that the idea that QM can be represented as a probabilistic 
projection of a classical probabilistic model was elaborated in the series of 
author's papers, see, e.g., [13]-[17]. In these papers there was introduced 
prespace in that it is possible to provide a finer description of complexes of 
physical conditions (physical contexts) than in QM. Quantum states were 
obtained as images of contexts. In the present paper the role of prespace is 
played by the phase space fl, contexts are represented by special Gaussian 
ensembles of classical fields. 

Finally, we pay attention that our work might be considered as a realiza- 
tion of "Einstein's dream": creation of purely field model, cf. [18], [19]. 

2 Hamiltonian mechanics 

2.1 Quadratic Hamilton function 

We consider the conventional classical phase space: 

Here states are represented by points ip = {q,p) G fl; evolution of a state is 
described by the Hamiltonian equations 

(6) 

dp ' dq, 

where 'H(g,p) is the Hamilton function (a real valued function on the phase 
space fl). 

We consider the scalar product on R" : (x, y) = J2]=i XjUj and define the 
scalar product on Q : (■0i, ■02) = Qi) + {piiPt)- In our reseach we shall be 
interested in quadratic Hamilton functions: 

n{q,p) = \m,^P), (7) 

where H : Q — > Q is a symmetric operator. We remark that any (R-linear) 
operator A : R^" — > R^" can be represented in the form 

All Ai2 
A21 A22 
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where An : Q Q, A^ : P ^ Q, A21 : Q ^ Q, A22 ■ P ^ P- k linear 
operator A : R^" R^" is symmetric if 

A\i = All, A22 = A22, AI2 = A21, A21 = A12. 
Thus the Hamilton function can be written as: 

niq,p) = ^[(Hng,g) + 2(Hi2p,g) + (H22P,p)], (8) 
The Hamiltonian equation is linear and it has the form: 

g = H2ig + H22P, p = -{Uuq + Jiup) (9) 

As always, we define the canonical symplectic structure on the phase space 
Q = Q X P starting with the symplectic operator 



J 



1 
-1 



(here the blocks "±1" denote n x n matrices with ±1 on the diagonal). By 
using the symplectic operator J we can write these Hamiltonian equations 
in the operator form: 

^ = ( ^ ) = (10) 

Thus 

^(t) = Ut^jj, where Ut = e^"*. (11) 
The map Utip is a linear Hamiltonian fiow on the phase space fl. 



2.2 J-invariant quadratic forms and J-commuting op- 
erators 

In our investigations we shall be concentrated on consideration of J-invariant 
quadratic forms. It is easy to see that symplectic invariance of the quadratic 
form /a(V') = (^^"5 ^)? where A : ^ is the linear symmetric operator, is 
equivalent to commuting of A with the symplectic operator J. Let us consider 
the class £symp = '^^symp(^) of linear operators A : fl ^ Q which commute 
with the symplectic operator: 

AJ = J A (12) 
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This is a subalgebra of the algebra of all linear operators C{Q). We call such 
operators J-commuting. 

Proposition 2.1. A e Aympl^) iff An = ^22 = D, ^12 = -^21 = S : 



A 



D S 
-S D 



We remark that an operator A G £syinp(fi) is symmetric iff D* = -D and 
5** = —S. Hence any symmetric J-commuting operator in the phase space 
is determined by a pair of operators {D, S), where D is symmetric and S is 
anti-symmetric. Such an operator induces the quadratic form 

UW = {A^Ij,^Ij) = {Dq,q) + 2{Sp,q) + {Dp,p). (13) 



2.3 Dynamics for J-invariant quadratic Hamilton func- 
tions 

(R T \ 
rp j ■ This operator 

defines the quadratic Hamiltonian function 'H{q,p) = |(H?/', ip) which can be 
written as 

niq,p) = + 2(Tp,g) + (i?g, g)] (14) 

where R* = R, T* = —T Corresponding Hamiltonian equations have the 
form 

q = Rp — Tq, p = —{Rq + Tp) (15) 

Proposition 2.2. For a J-invariant Hamilton function, the Hamiltonian 
flow Ut, see ( flTj) . consists of J-commuting operators: UtJ = JUt- 

Example 2.1. (One dimensional J-invariant harmonic oscillator) Let 
T^iQjP) — \[m ~^ mk'^q^] (we use the symbol k to denote frequency, since ip 
is already used for the point of the phase space) . To get a Hamiltonian of 
the form (fT4l) . we consider the case ^ = mk'^ . Thus m = \ and 'H{q,p) = 
+ q'^]; Hamiltonian equations are given by g = kp, p = —kq Here the 

symmetric J-commuting matrix H = 

Let us define the symplectic form on the phase space: 

w;(^i,^2) = (^i,J^2). (16) 
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Thus 

w(V'i,V'2) = (P2,gi) - (pi,g2) 

for ifjj = {qj,Pj},j = 1,2. This is a skew-symmetric bilinear form. 

Proposition 2.3. Let A be a symmetric operator. Then A G £symp(^) 
ijf it is symmeric with respect to the symplectic form: 

w{A^i,^Ij2) = w{^i,AiP2) (17) 

Remark 2.1. (Kaller structure) We started our considerations not di- 
rectly with an arbitrary symplectic form on fi, but with the canonical sym- 
plectic form ()16|) corresponding to the inner product (Riemannian metric) 
on Vt. Thus we can canonically introduce the hermitian metric on the com- 
plex realization Vt^. of Vt. Thus, in fact, from the very beginning we worked 
not on an arbitrary symplectic manifold, but on a Kaller manifold. The 
J-invariance appears very naturally as the consistency condition for the Rie- 
mannian metric and the symplectic structure. 

2.4 Complex representation of dynamics for J-invariant 
quadratic Hamilton functions 

Let us introduce on phase space fl the complex structure: flc = Q ® iP- We 
have iip = —p + iq = —Jip. A R-linear operator A : Qc ^ is C-linear iff 
A{iip) = iAip that is equivalent to A E £symp(^)- 

Proposition 2.4. The class of C-linear operators C{Qc) coincides with 
the class of J -commuting operators £syinp(fi). 

We introduce on f2c a complex scalar product (hermitian metric, see Re- 
mark 2.1) based on the C-extension of the real scalar product: 

<ipi,i^2 >=< qi + ipi, q2 + ip2 > 
= {qu q2) + (pi,P2) + «((pi, q2) - (P2, gi)). 

Thus 

< ^l,V'2 >= (V'1,V^2) - iw{ll)i,i)2), 

where w is the symplectic form. This is the canonical hermitian metric on 
the Kaller manifold VL. 

A C-linear operator A is symmetric with respect to the complex scalar 
product < . . . > iff it is symmetric with respect to both real bilinear forms: 
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(■, ■) and w{-,-). Since for A G £symp(^) the former implies the latter, we 
get that a C-linear operator in ficis symmetric iff it is symmetric in the real 
space Q. 

Proposition 2.5. The class of C-linear symmetric operators £s(^c) 
coincides with the class of J -commuting symmetric operators £symp,s(f^)- 

We also remark that for a J-commuting operator A its real and complex 
adjoint operators: 

A* and A* 

coincide. We showed that C-linear symmetric operators appear naturally as 
complex representations of J-commuting symmetric operators. 

Proposition 2.6. For a quadratic J -invariant Hamilton function ^{ip), 
its complexification does not change dynamics. 

Proof. To prove this, we remark that w{\iip,ip) = and hence 

Hiij) = ^<Hij,ij>= i[(HV',V') -^^W,^)] = lm,ij),ije n. 

I consider the introduction of a complex structure on the phase-space 
merely as using a new language: instead of symplectic invariance, we speak 
about C-linearity. By Proposition 2.6 the Hamilton function (fT^ can be 
written TCi^ip) = | < H^,^ >,H G £s(C"), and the Hamiltonian equation 
(|Tn| can be written in the complex form as: 

•f-H, (18) 

Any solution has the following complex representation: 

m = Ut^P, Ut = e-'^"\ (19) 

This is the complex representation of flows corresponding to quadratic J- 
invariant Hamilton functions. 



3 Schrodinger dynamics as a dynamics with J- 
invariant Hamilton function on the infinite 
dimensional phase space 

Let VLc be a complex Hilbert space (infinite dimensional and separable) and 
let < ■, ■ > be the complex scalar product on VLc- The symbol = A(^c) 
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denotes the space of continuous C-linear self-adjoint operators. We use the 
Planck system of units: h = 1. The Schrodinger dynamics in Q is given by 
the linear equation: 

and hence 

^{t) = Ut^, Ut = e-'^\ (21) 

We see that these are simply infinite-dimensional versions of equations (|T8|l 
and ()19|) obtained from the Hamiltonian equations for a quadratic J-invariant 
Hamilton function in the process of complexification of classical mechan- 
ics. Therefore we can reverse our previous considerations (with the only 
remark that now the phase space is infinite dimensional) and represent the 
Schrodinger dynamics (f2(Hl in the complex Hilbert space as the Hamiltonian 
dynamics in the infinite-dimensional phase space. ^ We emphasize that this 
Hamiltonian dynamics (fTOll is a dynamics in the phase space and not in 
the unit sphere of this Hilbert space! The Hamiltonian fiow ipit^ip) = Utip is 
a flow on the whole phase space fl. 

We consider in f2 the R-linear operator J corresponding to multiplication 
by —i; we represent the complex Hilbert space in the form: 

fic = <5 © iP, 

where Q and P are copies of the real Hilbert space. Here ip = q + ip- 
We emphasize that q and p are not ordinary position and momentum for 
particles. These are their field analogues (if we choose Q = P = L2(R^)): 
these are functions of a; G R^. We consider now the real phase space: 

n = Qx P. 

As in the finite dimensional case, we have: 

Proposition 3.1. The class of continuous C-linear self-adjoint opera- 
tors Cs{^c) coincides with the class of continuous J -commuting self-adjoint 
operators >Csymp,s(^)- 

^Infinite dimension induces merely mathematical difficulties. The physical interpreta- 
tion of formalism is the same as in the finite-dimensional case. 
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Let us consider a quantum Hamiltonian H G £s(^c)-^ It determines the 
classical Hamiltonian function: 

H{i,) = i<H7/;,7A>=^ p) + 2(Tp, g) + g)] 

The corresponding Hamiltonian equation on the classical phase space VL = 
Q X P, where Q and P are copies of the real Hilbert space, is given by 

| = flp_r,.| = -(fl, + Trt (22) 

If we apply the complexification procedure to this system of Hamiltonian 
equations we, of course, obtain the Schrodinger equation ((2I|). 

Example 3.1. Let us consider an important class of Hamilton functions 

n{q,p) = ^[iRp,p) + {Rq,q)], (23) 

where -R is a symmetric operator. The corresponding Hamiltonian equations 
have the form: 

q = Rp, p = -Rq. (24) 

We now choose H = L2(R^), so q{x) and p{x) are components of the vector- 
field ip{x) = , p{x)) ■ We can call fields q{x) and p{x) mutually inducing. 
The presence of the field p{x) induces dynamics of the field q{x) and vice 
versa, cf. with electric and magnetic components, q{x) = E{x) and p{x) = 
B{x), of the classical electromagnetic field, cf. Einstein and Infeld [19], p. 
148: "Every change of an electric field produces a magnetic field; every change of 
this magnetic field produces an electric field; every change of and so on." We 
can write the form as 

T<{q,p) = 7; I Rix,y)[(l{x)(l{y) +Pix)p{y)]dxdy (25) 

or 

W) = ^/ Rix,y)iP{x)iP{y)dxdy, (26) 
where R{x,y) = R{y,x) is in general a distribution on R^. 



^We may consider operator H > 0, but for the present consideration this is not impor- 
tant. 
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We call such a kernel R{x, y) a self-interaction potential for the field 

ip{x) = {q, {x),p{x)). We pay attention that R{x,y) induces a self-interaction 
of each component of the ipix), but there is no cross-interaction between com- 
ponents q{x) and p{x) of the vector-field ipi^x). 

One may justify consideration of J-invariant physical variables on the 
Hilbert phase space by referring to quantum mechanics: "the correct classical 
Hamiltonian dynamics is based on J-invariant Hamilton functions, because 
they induce the correct quantum dynamics." So the classical prequantum 
dynamics was reconstructed on the basis of the quantum dynamics. I have 
nothing against such an approach. But it would be interesting to find internal 
classical motivation for considering J-invariant Hamilton functions. We shall 
do this in section 5. 



4 Lifting of point wise dynamics to spaces of 
variables and measures 

4.1 General dynamical framework 

Let {X, F) be an arbitrary measurable space. Here X is a set and F is a cr- 
field of its subsets. Denote the space of random variables (measurable maps 
/ : X — > R) by the symbol RV{X) and the space of probability measures 
on {X, F) by the symbol PM{X). Consider a measurable map g : X ^ X. 
It induces the maps 

g* : RV{X) ^ RViX), g*fix)^f{g{x)) 

g* : MP{X) ^ MP{X), [ f {x)dg* f,{x) = [ g* f{x)df,{x). 

J X J X 

We now consider a dynamical system in X : 

xt^gt{x), (27) 

where : X — > X is an one-parametric family of measurable maps (the 
parameter t is real and plays the role of time) . By using lifting a and (5 we 
can lift this point wise dynamics in X to dynamics in RV{X) and MP{X), 
respectively: 

ft = 91 f (28) 
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(29) 



We shall see in sections 6, 7 that for X = (infinite dimensional phase 
space) quantum images of dynamical systems (f27|l . (f28|l . (f29|) are respec- 
tively dynamics of Schrodinger (for state - wave function), Heisenberg (for 
operators-observables) and von Neumann (for density operator). To obtain 
quantum mechanics, we should choose adequate spaces of physical variables 
and measures. 

4.2 Lifting of the Hamiltonian dynamics 

It is well known that the lifting of Hamiltonian dynamics to the space of 
smooth variables is given by the Liouville equation, see e.g. [20]. In par- 
ticular, the functional lifting of any Hamiltonian dynamics on the Hilbert 
phase space can be represented as the infinite-dimensional Liouville equa- 
tion, [21]. We remark that this is a general fact which has no relation to our 
special classical framework based on J-invariant Hamilton functions. For 
smooth functions on the Q we introduce the Poisson brackets, see, e.g., [22]: 



We recall that for / : R its first derivative can be represented as a 

vector belonging H; so ioi f : H x H ^ H its gradient V/(V') belongs 
H X H.We pay attention that {/i, /s} == (V/i, JV/2) = w(V/i, V/2). Let 
be a smooth Hamilton function inducing the fiow Ut{ip). For a smooth 
function /o we set fit^ip) = fo^Uti^ip)). It is easy to see that this function is 
the solution of the Cauchy problem for the Liouville equation: 




dl 
dt 



(30) 



The functional fiow \l/(t, /o) = autfo can be represented as 



^(t,/o)=e-*^/o, 



(31) 



where 
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5 Dispersion preserving dynamics of statistical 
states 



Everywhere in this section we consider only quadratic Hamilton functions on 
the infinite-dimensional phase space Q. We start our consideration with an 
arbitrary quadratic Hamiltonian function = ^{Hipjip) (the operator H 

need not be J-commuting). Let us consider the Hamiltonian fiow Ut : fl ^ Q 
induced by the Hamiltonian system (fTTHl . This map is given by (fTT| . It is 
important to pay attention that the map Ut is invertible; in particular, 

Ut{n) = n. (32) 

We are interested in a Hamiltonian fiow Ut such that the corresponding dy- 
namics in the space of probabilities preserves the magnitude of statistical 
fiuctuations: 



a\U:p)=a\p): / ||^|| W;p(^) = / m'dpW (33) 
Jq Jq 

or 

/ WUt^'dpi^) = [ im'dpi^). (34) 
Jn Jn 

We start the study of this problem with a sufficient condition for preserving 

the magnitude of statistical fiuctuations: the Hamiltonian fiow Ut'tp consists 

of isometric maps: 

\\UM?=\m\^^^- (35) 
Proposition 5.1. A Hamiltonian flow Utip is isometric iff the function 
TC{ijj) is J-invariant. 

Proof, a). Let H be J-commuting. Then we have: 

f^\\UM\^ = 2{Utij, Ut^) = 2{mUtij, Ut^) = 

Here we used the simple fact that the operator JH is skew symmetric: 
{.my = -HJ = - JH. Thus (ESI) holds. 

b). Let (|35|l hold. Then = 0. By using previous computations 

and (f32|l we get that: 

(JHV',V) = 0, ij en. (36) 

Hence the operator JH is skew symmetric. This implies that H commutes 
with J. 
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For our further considerations, see section 12, it is useful to rewrite (p^ 
in the form: 

(jn'i^), ^) = o,iIj en. (37) 

Corollary 5.1. The flow corresponding to a J -invariant Hamilton func- 
tion preserves the fluctuations of the fixed a-magnitude. For any measure 
p (having the zero mean value and finite dispersion) , if cr^(p) = a, then 
^'^{U^p) = a for any t > 0. 

This is our explanation of the exceptional role of J-invariant physical 
variables on the infinite-dimensional classical phase space. 

If a Hamilton function is not J-invariant then the corresponding Hamil- 
tonian flow can induce increasing of the magnitude of fluctuations. But we 
recall that quantum model is a representation based on neglecting by fluctu- 
ations of the magnitude o(a), a ^ 0. Therefore a Hamiltonian flow which is 
not J-invariant can induce the transformation of "quantum statistical states", 
i.e., distributions on the phase space having dispersion of the magnitude a, 
into "nonquantum statistical states", i.e. distributions on the phase space 
having dispersions essentially larger than a. 



6 Dynamics in the space of physical variables 
6.1 Arbitrary quadratic variables 

Let us consider the Hamiltonian flow Ut : 0, Q induced by an arbitrary 
quadratic Hamilton function. Let A : Q Q he a continuous self-adjoint 
operator and /a = {AiIj,'iIj). We have U^fAii^) = fAiUtip) = fuiAUtW- This 
dynamics can be represented as the dynamics in the space of continuous 
linear symmetric operators 

At = UtAUt (38) 
We remark that Ut = e'^"*, so = e~"'^*. Thus 

At = e-'^^'Ae-^^K (39) 

Thus ^ = [AtJU - HJa), or 

^ = K,HJ] + A[J,H] (40) 
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We remark that dynamics (p^ can be also obtained from the Liouville equa- 
tion, but I presented the direct derivation. 



6.2 J-invariant variables 

We consider the space of physical variables 

Kjuad,symp(^^) = {f : Q ^ R : f = /a(^) = ^{At/j , t/j) , A E CsjmpA^)} 

(consisting of J-invariant quadratic forms). Let us consider the lifting of 
the flow corresponding to a J-invariant quadratic Hamilton function to the 
space VJjuad,symp(^)- In this case both operators, H and A are J-commuting. 
Therefore the flow (f39|) can be written as 

At = U^AUt = e-^^'Ae-^^' (41) 

The evolution equation (|in|) is simplified: 



dAt 
dt 



-J[H,A] (42) 



6.3 Complexification 



As in section 6.2, we suppose that [H, J] = and [A, J] = 0. By considering 
on the phase space the complex structure and representing the symplectic 
operator J by —i we write in the form of the Heisenberg dynamics: 

At = U*AUt = e''^Ae-'*^ (43) 

(here Ut is the complex adjoint operator to Ut) and the evolution equation 
(|in|l in the form of the Heisenberg equation: 

§^.|H.A] (44) 

Thus this equation is just the image of the lifting of the classical quadratic 
Hamiltonian dynamics in the case of J-invariant quadratic variables. 



16 



7 Dynamics in the space of statistical states 



7.1 Arbitrary Gaussian measures 

Let us consider the flow Ut : fl ^ fl induced by an arbitrary quadratic 
Hamilton function 'H{il)). Let p be an arbitrary Gaussian measure with zero 
mean value. Since a linear continuous transformation of a Gaussian mea- 
sure is again a Gaussian measure, we have that U^^p) is Gaussian. We find 
dynamics of the covariation operator of U^{p). We have: 

(cov(U»yi,y2)= / (yi, V)(y2, V')dU>(V') 



Jq 



{y,,Uti^){y2,Uti^)dp{i^) = (cov(p)U*yi,U*y2). 
Thus, for the covariation operator = cov(U^p), we have: 

Bt = UtBU* = e-^"*Se-"-^* (45) 

Thus ^ = [jUBt - BtHJ^, or 

^^[JU,Bt] + B,[J,li] (46) 



7.2 J-invariant measures 

We now consider the lifting (to the space of measures) of the fiow : — > 
induced by a J-invariant quadratic Hamilton function 7Y('0)- We start with 
the following mathematical result: 

Proposition 7.1. A Gaussian measure p (with zero mean value) is J- 
invariant iff its covariation operator is J-invariant. 

Proof, a). Let J*p — p. It is sufficient to prove that BJ is skew sym- 
metric, where B — cov p. We have: 

{BJyi,y2)= / {Jyi,ij){y2,ij)dp{ij) ^ - / {yi, Jij){y2, rJij)dp{i/j) 

= - / {yi, Ji^){Jy2, Ji^)dp{ip) ^ - / {yi,tp){Jy2,tp)dpjp{tjj) 
Jn Jci 
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{Jy2,i^){yi,'ip)dp{ip) = -{BJy2,yi) = -{yi,BJy2). 

b). Let B = cov(p) G £symp,s(^)- We find the Fourier transform of the 
Gaussian measure J*p : 

J^piy) = [ e'^y'^^Upiij) == p{ry) = e-^(^^*^'^*^) == p{y). 
Jn 

From the proof we also obtain: 

Corollary 7.1. Let p be an arbitrary J -invariant measure. Then its 
covariation operator is J -invariant. 

Since the flow for a J-invariant quadratic Hamilton function consists of 
J-commuting linear operators, JUt = UtJ, by using the representation (jlHll 
and Proposition 7.1 we prove that the space of J-invariant Gaussian measures 
(with zero mean value) is invariant for the map U*. Here we have: 

Bt = UtBU* = e-^"*5e-^"* (47) 




or 

^ = -m,H] (48) 
7.3 Complexification 

We suppose that [H, J] = and [B, J] = 0. By considering on the phase 
space the complex structure and representing the symplectic operator J by 
—i we write (jT7| in the form: 

Bt = UtBU* = e-'^^Be^'^^ (49) 



or 

^ = ^[Bt,H] (50) 

This is nothing else than the von Neumann equation for the statistical opera- 
tor. The only difference is that the covariance operator B is not normalized. 
The normalization will come from the correspondence map T projecting a 
prequantum classical statistical model onto QM, see section 8. 
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7.4 Dynamics in the space of statistical states 

First we consider the space of all Gaussian measures having zero mean value 
and dispersion a. We recall that here a is a small parameter characterizing 
fluctuations of energy of the background field: 

a= j / {\q{x)\^ + \p{x)\^)dx dp{q,p). 

^L2(R3)XL2(R3) ^R3 

We do not provide dimension analysis in this paper. But the crucial point 
is that elements of the phase space Q = L2(R^) x L2(R"^), "wave functions", 
are considered as classical fields (as the classical electromagnetic field) and 
not as 'square roots of probabilities" (cf. with the conventional Born's inter- 
pretation of the wave function, but also cf. with the original Schrodinger's 
interpretation) . 

Denote this space of such measures by the symbol S'g(f2). These are Gaus- 
sian measures such that 

(y,mp)= / {y,^P)dp{iP) = Q,yen, and ^'(p) = / \\^pfdp{iP)^a 
Jn Jn 

For the flow Ut corresponding to a J-invariant quadratic Hamilton func- 
tion, we have (see section 5) 

U: : 5g(0) ^ s^{n) 

Denote the subspace of >S'g(n) consisting of J-invariant measures by the 
symbol 'S'Gsymp(^)- We also have: 

7.5 Complex covariation 

Everywhere below we consider only measures with finite dispersions. Let 
us introduce complex average rrfp and covariance operator B'' = cov'^p by 
setting: 

<rrfp,y>= / < y^^P > dp{^P). (51) 

< B'yi, y2>= < 2/1, ^ >< ^, 2/2 > rfp(^). (52) 
Jn 
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Proposition 7.2. Let p be a J -invariant measure. Then 

= iff = 0. (53) 
Proof. Since p is J-invariant, for any Borel function / : Q — > R, we have: 

f{lpg,1pp)dp{ijg,ljjp) ^ / f{'ipp,-'ipq)dp{ijq,tpp) (54) 

! Jn 



n 



Let nip = 0. Then: 



= / {y,ilj)dp{ilj) = / [(|/g,^g) + (|/p,^p)]cip(^) 
Jn Jn 



[{.Vq.il^p) - {.yp,'4^q)\dp{,il^) = / w{y,'ilj)dp{'i/j), 
n Jn 

where w is the symplectic form ft. Hence the last integral is also equal to 
zero. On the other hand, for the complex average we have: 

<y,mp>= / {y,ip)dp{ip)-i / w{y,ip)dp{^). (55) 
Jn Jn 

Proposition 7.3. Let p be an arbitrary J-invariant measure with the 
zero mean value. Then 

cov'^p = 2cov p (56) 

Proof. We have 

covV(y,y)= / I < y,^ > |Mp(^) = / |(y, V') - iw(y,^)|Mp(V^) 
Jn Jn 



[(i/,V')' + (y,JV')Vp(V')- 

n 

By using symplectic invariance of the measure p we get: 



Thus 

gov'' 



/ (y,J^)'dp{^|;)^ f {y,i;fdp{i;). 
Jn Jn 

P(y,y) = 2 / (y,'0)Mp(V') = 2covp(y,y). 
Jn 



20 



Theorem 7.1. For any measure p with the zero mean value and any 
J -commuting operator A, we have: 

/ < AV^, > dpiip) = Tr cov'p A; (57) 
Jq 

in particular, 

a^{p) = Tr cov^p. (58) 

Proof. Let {ej} be an orthonormal basis in flc (we emphasize that or- 
thogonality and normalization are with respect to the complex and not real 
scalar product). Then: 

Tr cov'^p A = / Aej,ip >< ip, ej > dp{ip) = < A-?/^, ip > dp{ip). 

Jq : Jn 



We recall that we showed in [1] that and 

(T^(/o) = Tr covp. (59) 

It seems that there is a contradiction between equalities (f59|) . (f58|) and 
(f56|l . In fact, there is no contradiction, because in ([59|) and (f58|) we use 
two different traces: with respect to the real and complex scalar products, 
respectively. This is an important point; even normalization by trace one 
for the von Neumann density operator is the normalization with respect to 
the complex scalar product. By using indexes R and C to denote real and 
complex traces, respectively, we can write: 

(T^(p) = TrR GOV p = Trc cov'^ p. 

We remark that the complex average mf^ and the covariation operator B'^ are 
C-linear even if a measure is not J -invariant. However, in general real and 
complex averages do not coincide and real and complex covariance operators 
are not coupled by 

Let us find relation between B = covp and B'^ = cov^p in the general 
case. It is easy to see that for 

V B21 B22 / ' ~ ~ ~ 
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and 

^ ~[-S D 
we have 

Proposition 7.4. The blocks in real and complex covariation operators 
are connected by the following equalities: 

D = Bu + B22, S = Bi2 - B21. (60) 

Thus in the general case the complex covariation operator B^ does not 
determine the Gaussian measure pB uniquely. 
Let now pb be J-invariant. Then 



B 

Thus 



Bii B12 
—B12 Bii 



D = 2Bu, S = 2B^2, (61) 

so we obtain (f56|l and, hence, we obtain: 

Corollary 7.2. There is one-to-one correspondence between J-invariant 
Gaussian measures with the zero mean value and complex covariation oper- 
ators."^ 

As was remarked, even for a Gaussian measure p which is not J-invariant 
its complex covariation operator B^ does not define p uniquely. Nevertheless, 
let us represent an arbitrary measure p (with zero mean value and finite 
dispersion) by its complex covariation operator B'^ (so we "project" measures 
to their complex covariation operators). 

Let us consider the dynamics of p induced by a dynamics in Q with 
a quadratic J-invariant Hamilton function Ti.. We obtain a one-parameter 
family of measures pt = U^p. It is easy to see that -B'^(t) = UtB'^U^. Since 
[B'^, J] = 0, the B'^it) satisfies the von Neumann equation (fBOl) . 



8 Prequantum classical statistical model 

We consider the infinite-dimensional phase-space (space of classical fields) 
Q = Q X P, where Q and P are copies of the (separable) Hilbert space. Our 

"These are C-linear self-adjoint positively defined operators B'^ : flc ^ flc belonging 
to the trace class 
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aim is to construct a prequantum classical statistical model on this phase- 
space inducing the conventional (Dirac-von Neumann) quantum statistical 
model 

iVquant = , ^(^^c) ) , 

where the complex Hilbert space Qc = Q ® iP- Here V^Qc) is the space of 
density operators and Csi^c) is the space of bounded self-adjoint operators 
in Q,c (quantum observables).^ 

We choose the space of classical statistical states 'S'g symp(^) consisting of 
J-invariant Gaussian measures having zero mean value and dispersion a. 

We choose, cf. [1], the space of classical physical variables as the func- 
tional space Vsymp(^) consisting of real analytic functions, / : — > R, that 
have the exponential growth: 

there exist Co, Ci > : |/(V^)| < Coe^i"'^!!; (62) 

preserve the state of vacuum: 

/(O) = (63) 

and that are J-invariant: f{Jip) — f{i^)- 

We pay attention that any / e Vsymp(^^) is an even Junction: f{—i^) = 
f{.Pip) = f{Jip) = f{ip)- We shall also use a simple consequence of this 
result: if / € Vsymp(i^), then its derivative is an odd function. 

Example 8.1. Let H e £symp,s(^)- Then any polynomial /(^) = 
Y^k=i ■0)'^, CLk e R-, belongs to the space Vsymp(^^)- 

The following trivial mathematical result plays the fundamental role in 
establishing classical quantum correspondence. 

Proposition 8.1. Let f e Vsymp(^)- Then 

/"(O) e >Csymp,s(^^). (64) 

We remark that for an arbitrary i/j G fl we have 

= fijm (65) 

^To simplify considerations, we consider only quantum observables represented by 
bounded operators. To obtain the general quantum model with observables represented by 
unbounded operators, we should consider a prequantum classical statistical model based 
on the Gelfand triple: f2+ C fic C CtJ. 
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We consider now the classical statistical model: 

iV^s%p = (^S,symp(^), Vsym,m. (66) 

Let us find the average of a variable / G Vsymp(^) with respect to a 
statistical state G Sq,,^-^^^^}) : 

< / >PB= / fWdpsW = / f{V^^)dpDW 
Jn Jn 

= / f^''\m.-.^)dpD{^), (67) 

n=2 

where the covariation operator of the i/a-scaling pD of the Gaussian measure 
Pb has the form: 

D = B/a. 

Since pb G Sq{Q), we have Tr D = 1. The change of variables in (|67|l can be 
considered as scaling of the magnitude of statistical (Gaussian) fiuctuations. 
Fluctuations which were considered as very small, 

a\p) = a, (68) 

(where a — > is a small parameter) are considered in the new scale as 
standard normal fiuctuations.^ By (f67|) we have: 

< / >P= f /" (/"(O)^, i^)dpDW + o{a), a ^ 0, (69) 

or 



n 



cy 

< / >^= _ Tr D f"(0) + o(a), a ^ 0. (70) 
Finally, we rewrite the formulas (f69l) and (f7fl|l in the complex form: 

<f>P=^ [ < /"(O)^, ^ > rfpD(^) + o(a), a 0, (71) 

or 

f"(0) 

< f >p= a Tr + o{a), a ^ 0. (72) 



^Thus QM is a kind of the statistical microscope which gives us the possibiUty to see 
the effect of fluctuations of the magnitude a in a neighborhood of vacuum field point, 

V'vacuum — 0)- 
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We pay attention that in (fZlHl a trace is the trace with respect to the real 
scalar product and in (TT^ - the complex scalar product. 

For a classical variable f{ip), we define its amplification by 

a 

(when a — ^ this amplification will be becoming infinitely large). We see 
that the classical average of the amplification fa{4') of a classical variable 
/(V') (computed in the model by using the measure-theoretic approach) 
is approximately equal to the quantum average (computed in the model 
-Equant = (^^(^c) 5 A (^c) ) with the aid of the von Neumann trace- formula) : 

< U >p= Tr -Y + o{l), « 0. (73) 

The classical quantum correspondence map T is similar to the map 
presented in [1] in the real case: 

r:^S„(^)-m), T{P) = '-^ (74) 

T:Vsy^p(fi)^/:.(fi,), T(/) = ^ (75) 

Theorem 8.2. The map T, given by (i74\ ), ^7,^) . establishes a projection 
of the classical statistical model M^^^ onto the Dirac-von Neumann quantum 
model Ai'quant- The map JT^ is one-to-one (bisection); the map ( TT^) is only 
onto (surjection) . The latter map is a H-linear operator. Classical and 
quantum averages are coupled via the asymptotic equality ^73\) . 

We remark that our projection map T : Vsymp(^) A(^c) fulfills an 
important postulate for classical^quantum correspondence which was used 
by J. von Neumann: 

nYl ^^f^) = E ^^•^(/^■)' ^ ^ Vsy^p(fi). (76) 

Here quantum observables Aj = T{fj) can be incompatible, so these op- 
erators can be noncommuting, see von Neumann [10]. This postulate was 
strongly criticized by J. Bell [23] and L. Ballentine [24] as nonphysical - be- 
cause it is not easy to give a physical meaning to a linear combination of 
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incompatible observables. I agree that their arguments are not meaningless 
and there can be really problems with an experimental realization of the 
right-hand side of (f76|l . But in a theoretical model the relation (f76|l might 
be in principle well established. Therefore, in spite the critical arguments of 
Bell and Ballentine, there is nothing "pathological" in this relation. We recall 
that our projection T is not one-to-one on the space of physical variables, but 
von Neumann postulated that a such correspondence should be one-to-one. 
Nevertheless, we have: 

Corollary 8.1. The restriction of the classical quantum map T onto 
the space of quadratic J -invariant variables Kiuad,symp(f^) is one-to-one map 
with its image Csi^c)- 

Remark 8.1. (Quadratic classical variables) Corollary 8.1 shows that 
the classical — *• quantum map T : V^uad,symp(^) ^ ^si^c) is nondegenerate. 
Each quantum observable A has uniquely defined classical preimage fi^ip) = 
^{Aip , ip) . In principle, we could choose the classical statistical model: 

-^quad,symp ~ ('^'csympl^) ) ^uad,symp (^) ) • (77) 

There is one-to-one correspondence between elements of this classical model 
and the Dirac-von Neumann model. Another important argument to choose 
this classical model is that the Schrodinger dynamics is in fact dynamics 
for a quadratic J-invariant Hamilton function. Nevertheless, we do not re- 
strict our consideration to the classical model M"-^^^^ ,.^^^. We can speculate 
that linearity of the Hamilton-Schrodinger evolution is just an approxima- 
tive linearity of nonlinear dynamics in f2 induced by nonquadratic Hamilton 
functions. But this interesting problem should be investigated in more detail. 

Remark 8.2. (On the choice of a space of classical variables) We cho- 
sen the functional space Vsymp(^^) by generalizing the class of quadratic 
forms V^uad,symp(^))- As the main characteristic for generalization we cho- 
sen the condition of J-invariance. By Proposition 8.1 this condition implies 
that, for / G Vsymp(^), its second derivative is a J-commuting operator. 
However, such a choice of the functional space of classical physical vari- 
ables is not unique. There can be chosen other characteristics of quadratic 
forms / G Kiuad,symp(^)) to obtaiu spaces of classical variables different from 
Hymp(^^) and, nevertheless, reproducing the class of quantum observables. 
The problem of an adequate choice of a space of classical variables (as well 
as statistical states) is not yet solved, see also section 12 for further consid- 
erations. 
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9 Gaussian measures inducing quantum pure 
states 



Let = u + iv e ^c, so u e Q,v e P and let = 1. By using the 

conventional terminology of quantum mechanics we say that such a normal- 
ized vector of the complex Hilbert space represents a pure quantum state. 
By Born's interpretation of the wave function a pure state determines the 
statistical state with the density matrix: 

i:)* = ^ O * (78) 

This Born's interpretation of the vector \1/ - which is, on one hand, the pure 
state E Qc and, on the other hand, the statistical state - was the root 
of appearance in QM such a notion as individual (or irreducible) randomness. 
Such a randomness could not be reduced to classical ensemble randomness, 
see von Neumann [5]. 

In our approach the density matrix Dq, has nothing to do with the in- 
dividual state (classical field). The density matrix is the image of the 
classical statistical state - the J-invariant Gaussian measure on the phase 
space^ having zero mean value and the (complex) covariation operator 

= aDis, (79) 



or 

u<S)u + v^v v®u — u®v 
u®v—v®u u®u+v®v 



Bl^2a 



In measure theory there is used the real covariation operator B. As we know 
(see Proposition 7.3), for a J-invariant Gaussian measure the real and com- 
plex covariation operators are coupled by the equality: 

B^ = ]^B%. (80) 

This operator has two real eigenvectors corresponding to the same eigenvalue 
\ = a/2: 



'^This measure is uniquely defined, see Proposition 7.3. 
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Thus the Gaussian measure has the support in the real plane 

= {■(/' = Xie^^^ + X2e'^^ : Xj G R} 



and 



dpii,{xi,X2) 



1 



dxidx2- 



We remark that for two dimensional Gaussian distributions symplectic in- 
variance is equivalent to coincidence of eigenvalues of the covariance matrix, 
i.e., {p ^ q)— symmetry of Gaussian distribution: B = diag(Q;/2, q;/2). 

Physical consequence. There are no "pure quantum states." States 
that are interpreted in the conventional quantum formalism as pure states, 
in fact, represent J -invariant Gaussian measures having two dimensional 
supports. Such states can he imagined as fluctuations of fields concentrated 
on two dimensional real planes of the infinite dimensional state phase-space. 

We recall that in quantum theory one distinguishes so called pure states 
and so called mixtures. Let us discuss this point in more detail. The set 
of density operators ViVti^ is a positive cone in the space of all trace class 
operators: if Di,D2 G V{flc), then pi-Di + P2-D2 G ^^(f^c) for any pi,P2 > 
0,Pi +P2 = 1- We recall, see e.g. [6], that the set of extreme points of the 
cone X>(ilc) coincides with the set of pure states. Thus only pure states 
could not be represented in the form of a statistical mixture: 



It seems that this mathematical result was one of the reasons why J. von Neu- 
mann distinguished sharply pure states and statistical mixtures and elabo- 
rated the notion of individual randomness - randomness associated with "pure 
states," see [25]. In our approach there is no difference between "pure quan- 
tum states" and "quantum statistical mixtures" (at least from probabilistic 
viewpoint; geometry of distributions corresponding to "pure states" is very 
special; they are concentrated on two dimensional real subspaces). 

Example 9.1. Let us consider the classical statistical state (Gaussian 
measure) p = which is projected onto the "pure quantum state" \I' G 
ll^'ll = 1. The measure p is concentrated on the real plane 11$. Thus we 
can restrict our considerations to the phase space Q = RxR and the measure 



D = P1D1+ p2D2,Pj > 0,pi + P2 = 1. 



dp{q,p) 



1 



= — e " 
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Let us consider a J-invariant physical variable 
We have 

<f>p^lj j(P^ + (f)dp{(l.P) + IJ JiP^ + (ffdp{q,p) = ah + a'/s, 

where In = 2 s"'e~'^^ ds. Now we make the amplification of the classical 
variable fa{q,p) = ^[(p^ + <f) + (p^ + ?^)^] and obtain: 

< fa >p^ h + ah- 

Thus approximately < >p is equal to I3 - the quantum average. This is the 
essence of quantum averaging: only the quadratic part /quad(?)P) — 
of a physical variable f{q,p) is taken into account; the contribution of terms 
of higher orders is neglected. 



10 Prequantum classical statistical field theory 
(PCSFT) 

Let Q = P = L2(R^) be the Hilbert space of real valued square integrable 
functions : — >• R with the scalar product {ipi,ip2) = /^s ipi{x)ip2{x)dx. 
Our classical phase space — L2(R^) x L2(R^) consists of vector functions 




. The symplectic operator J on this phase-space has the 



form: 

qi{x) = p{x), pi{x) = -q{x) (81) 

and the symplectic form on VL is defined by w{ipi,il!2) = J-[i3{P2{x)qi{x) — 
Pi{x)q2{x))dx. The fundamental law of PCSFT is the invariance of physical 
variables with respect to this transformation. By introducing on the canon- 
ical complex structure we obtain the flc = -^2'(R^) ^ the complex Hilbert 
space of square integrable functions ip : ^ C,tp = q{x) + ip{x j) with 
the scalar product {4'i.,4'2) = J^'4>i{x)ijj2{x)dx. Let us consider an integral 
operator 

A:n^n,Ailj{x) = / A{x,y)i/j{y)dy. 

7r3 
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The kernel A{x, y) of such an operator has the block structure. This oper- 
ator is J-invariant iff Aii{x,y) = A22{x,y), Ai2{x,y) = —A2i{x,y), and it is 
symmetric iff Aii{x,y) = Aii{y , x) , Ai2{y , x) = A2i{x,y) = -Ai2ix,y). The 
corresponding quadratic form 

= ^ / ^n{x,y)ipi{x)ijj2{y)dxdy + 2 J Ai2{x,y)ip2{x)ipi{y) 

+ J Au{x,y)ij2{x)iJ2{y)dxdy 

Let p be a J-invariant measure on Q = L2(RP) x L2(R?). Its complex covari- 
ance is defined by: 

Let p has the dispersion a^{p) = /i2(R3)xL2(R3)(/R3 \^{x)\^dx)dp{ilj) = a. We 
find the average of the quadratic physical variable / in the state p : 



+2 J Ai2{x,y)p{x)q{y)dxdy + J Au{x,y)p{x)p{y)dxdyjdpB{q,p) 

f"(0) 
2 

where D*^ = / a is the von Neumann density operator obtained through the 
scaling of the covariation operator of the Gaussian measure p representing 
a classical statistical state. Since the observable is quadratic, there is the 
precise equality of the average of the —amplification of the classical variable 
/ and the quantum average of the self-adjoint operator 2A = /"(0)/2. 

Let us forget for a moment about mathematical difficulties and consider 
a singular integral operator - differential operator: 

We consider in phase-space Q the diagonal operator Hn = H22 = H, H12 = 
H21 = or we can directly consider H as acting in the complex Hilbert space 
Qc — L2(R^)- The corresponding classical Hamilton function is quadratic: 
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This is the classical energy of a system with the infinite-number of degrees 
of freedom - the system of coupled fields q{x) and p{x). This system is a 
classical vector field; the parameter m - "mass" - is one of characteristics of 
this field. H{il') is an ordinary function (functional) of ip. We can find its 
classical average: 



<n>p^l [ <ii^,ij>dp{ip) 



'L2(R3)xL2(R3) 

1 /■ (\ { JV^(a;)|2 



2 iL2(R3)xL2(R3) ^2 Jks 2m 
= ^Tr + V(x)) = aTr D'^H, where = BVa. 

Of course, we understood that, since the operator H is unbounded, the 
Tr D^H is not well defined for an arbitrary Gaussian measure. One of pos- 
sible solutions of this problem is to choose the class of Gaussian measures 
depending on the quantum operator. Another possibility is to follow J. von 
Neumann [10] and consider an approximation of H by bounded operators 
representing unsharp measurement of energy. 

We emphasize again that we could not guarantee that the quantum ob- 
servable of energy H really corresponds to a quadratic classical variable of 
energy 7^(0) =< > (in fact, to its amplification TLa^ip) = 2a 

H^,^ >). Let us e.g. the classical energy-variable of the form: 

(}^4r^ + V{xmx)\')+g f \i^{x)\'dx\ g>Q 

(which is J-invariant) . Then it produces the same quantum average as the 
quadratic energy- variable: 

aTVD^H + a^g/" ff |^(x)|4dx)dpD(V') 

JL2(R3)xL2(R3) ^./r3 ^ 

Of course, the latter Hamilton function will induce nonlinear Hamiltonian 
dynamics in the infinite-dimensional phase-space Q,, and in principle it could 
be distinguished from the linear dynamics. We now consider the quadratic 
classical variables inducing quantum observables of the position Xj and the 
momentum — 1, 2, 3) : 

1 If 



31 



1 1 f ~ 

where ?/'(?/) is the Fourier transform of the L2-function ip{x). We can also 
consider the quadratic classical variables inducing the angular momentum 
operators, e.g., 

1 — i f / dip dip \ — 

(but the same quantum operator also can be induced e.g. by the classical 
variable: fj^iip) = |( < J^^,^ > + < Jzip,ip>^). 



11 Fundamental field 

In section 10 we proposed the interpretation of PCSFT by which, instead of 
particles, we considered corresponding fields, e.g., the electron field. Each 
field ip{x) = {q{x),p{x)) evolves as a pair of self-inducing fields and the 
system of Hamiltonian equations describes its motion. We consider the 
nonrelativistic case and scalar fields q{x) and p{x). In this case the Hamilton 
function has the form (f26|) : Hi^ip) = j-^Q R{x,y)ip{x)ip{ij)dxdy^ where 

R{x, y) = - ^'^2m^^ + ^(^ - y)y(^)- (82) 

In section 10 we interpreted m as a parameter, mass, determining a scalar- 
complex field (or a pair of self-inducing real fields); the potential V{x,y) = 
6{x — y)V{x) was considered as an external potential contributing into a 
self-interaction of ipi{x).^ 

Such an interpretation of PCSFT was based on splitting of the kernel 
R{x,y) into two summands, see (f82|l . and on different interpretation of these 
summands. The first was considered as an internal contribution of the field 
and the second as an an external potential. 

We now propose a new interpretation. We consider also the first summand 
in as an external potential inducing a self-interaction of the field ip{x). 

^In fact, the component q{x) self-interact with itself; the same is valid for p{x); Here 
are no cross-interactions. This self-interaction is local, since it contains the i5-function. 
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Definition 11.1. A mass interaction - field (corresponding to the mass 
parameter m > 0) is defined as 



I^(.,y) = -^^^^ (83) 

Fundamental Field Interpretation: 

There is the unique fundamental iield ipi^x) = {q{x),p{x)) which interact 
with various potentials.^ In the conventional model an interaction potential 
R{x,y) is always of the form (f26|) . So it contains a mass interaction field. ^° 
Thus we propose to the following interpretation of PCSFT: 

a) . There is the fundamental vector-field ipi^) = {p{x) , Qi^)) ■ 

b) . Its internal (ontic) energy is given by: 

= ^ll^ir = \ [ {q\x)+p\x))dx. (84) 

c) . There are various interaction-fields R{x,y) inducing self-interactions 
of the fundamental field ip^x). 

d) . The energy of the i?-self-interacting field ip^x) is given by: 

^i?W = ^/ Rix,y)ijix)tP{y)dxdy. (85) 

For scalar fields q{x) and p{x) (in the nonrelativistic case) an interaction 
field R{x,y) can always be represented in the form (|82ll . where the first 
summand is referred to as the mass interaction-field. 

e) . In the absence of interaction- fields the fundamental field ip{x) evolves 
as a system with the Hamilton function (f8i|) : 

q = p^p=-q (86) 

These are oscillation of the form: ip{t,x) = e~^^ipo{x)-^^ 

^In our mathematical model an interaction potential R{x, y) can be any distribution 
on R6. 

io\Yg recall that we consider nonrelativistic fields, so m > 0. 

^^We remark that by the conventional interpretation of QM functions ip{t,x) for all t 
are just representations of the same pure state that is defined up to A = e*". But by our 
interpretation ip{ti,x) and tp{t2,x) for ti ^ t2 are different classical fields. 
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el). In the presence of an interaction-field R{x,y) the fundamental field 
ip{x) evolves as a system with the Hamilton function ^f^ : 

q = Rp,p = -Rq, (87) 

where Rtp{x) = J^-, R{x, y)^{y)dy. 

Remark 11.1. By Proposition 5.1 the quadratic form (f8i|) of the funda- 
mental field ip{x) is not changed in the process of the Hamiltonian evolution 
for any interaction-field R{x,y). We call internal energy of tplx). In 
fact, we never measure the internal energy of the fundamental field iplx). We 
always measure the energy of ip{x) corresponding to some interaction field 
R{x,y). 

The main difference between the fundamental i/j-^eld and interaction in- 
fields is that for the ^-field we are not able to prepare individual states 
(only Gaussian distributions), but for i?-fields it is possible to prepare an 
individual state that can be unchanged during sufficiently large interval of 
time. For example, we are able to prepare the Kulon potential V{r) = ^ 
and not only a Gaussian ensemble of such potentials V{r,ijj) = where 
ip is a chance parameter. The same can be said about the mass field. We 
are able to prepare the mass potential Rm{x,y) = ^ 2m~^'' ^'^^ '^^^^ ^ 
Gaussian ensemble of such potentials Rm,{x,y) = ^2m(i/o^^ ("^^ ^^^^ 
create a particle of the fixed maps m"). 

For the ^/'-field we are not able to prepare the fixed state ipo^x). Even 
when in quantum mechanics one says that "a system is in a stationary (pure) 
state '^o \ in PCSFT this means just the creation of a Gaussian ensemble of 
^-fields concentrated on the real plane II^q = {ei = "^0,62 = i'^o}- 

Finally, we remark that in PCSFT there is no difference (from the physical 
viewpoint) between the mass potential Rm{x,y) and an external potential 
V{x,y). 12 

We finish this section with a citation from the book of Einstein and Infeld 
[19], p. 242-243: " But the division into matter and field is, after the recognition 
of the equivalence of mass and energy, something artificial and not clearly defined. 
Could we not reject the concept of matter and build a pure field physics? ... There 
would be no place in our new physics, for both field and matter, field being the 

^^One of the purely mathematical differences is that the mass-potential Rm{x,y) = 
6{x — y)5"(x) is more singular compared to Rv(x,y) = 5(x — y)V(x), where V{x) is 
typically a piece wise smooth function. But, of course, there can be considered singular 
potentials V{x), e.g., V{x) = 5{x). 
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only reality. This new view is suggested by the great achievements of field physics, 
by our success in expressing the laws of electricity, magnetism, gravitation in the 
form of structure laws, and finally by the equivalence of mass and energy." 

12 Dispersion preserving dynamics with non- 
quadratic Hamilton functions 

By considering nonquadratic observables, see section 8, we come to a new 
interesting problem: investigation of dynamics with nonquadratic Hamilton 
functions. Let us consider an arbitrary Hamilton function Ti. : Q H.. 
The first important remark is that such a dynamics would transfer Gaussian 
states into Gaussian iff TC is quadratic. 

Suppose that, for any il^ & fl, the system of Hamiltonian equations Q has 
the unique solution, V'l^) = t^tV'iV'lO) = "0- In this case there is well defined 
the map (Hamiltonian flow) 

Ut-.n^n. (88) 

This map induces the map in the space of probability measures PM{fl) 
on the phase-space Q, see section 4. As was already mentioned, in the non- 
quadratic case the measure U^p, t > 0, can be non-Gaussian even for a Gaus- 
sian measure p. For nonquadratic Hamilton functions we cannot restrict the 
classical statistical model to the model with Gaussian states. We should 
consider the space of statistical states consisting of all probability measures 
p onQ that have the zero mean value and the dispersion a. Denote this class 
by the symbol PM"{fl). May be we should consider the subclass PM^^^^Q) 
of PM"(fi) consisting of J-invariant measures: J*p = p. But at the moment 
we consider arbitrary measures. 

We are interested in Hamiltonian dynamics Ut in the phase space Q that 
induces dynamics U* in PM°(f2). Such a dynamics preserves the zero mean 
value and the dispersion a. 

Quantum dynamics corresponding to the classical Hamiltonian dynamics 
with a quadratic J-invariant Hamilton functions is an example of dynamics 
preserving the zero mean value and the dispersion. We are interested in more 
general dynamics with similar features. 

We find the dispersion of U^p for an arbitrary p G PM{Q) having zero 
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mean value: 

a\u:p)= [ \\UM\'dp{^). (89) 
Jn 

We are interested in a Hamiltonian dynamics such that dispersions of prob- 
ability measures are preserved - dispersion preserving dynamics. 

Suppose that Ut preserves the mean value of a measure. By (|Hnil if Ut 
preserves the norm on the phase space f2 then preserves the dispersion. 
We remark that a nonlinear norm preserving map [/ : f2 — f2 need not be 
one-to-one or onto. Moreover, it need not be an isometry: WUtpW = WtpW for 
any ip E fl does not imply that \\Uipi — f/^/'2|| = ||^i — ^2 li- 
lt is easy to find the sufficient and necessary condition for norm-preserving 
dynamics induced by a Hamilton function 'H{ip). We can write the general 
Hamiltonian equation © in the form: 

^ = jn\ii)). (90) 

Theorem 12.1. Let the flow Ut induced by a Hamilton function Tiijp) 
be a surjection, i.e., Ut{fl) = fl. Then it is norm preserving iff^ the following 
equality, cf. [ T^] . section 5, holds 

(JWitfj),^) = 0,^ en. (91) 

Proof, a) Let Ht/jT/'lP = | I'j/'I p for any e Q. By using the representation 
(|9n|) we obtain: 

o = j^\\Utij\\^ = 2{jn'{Utij),Utij). 

Thus (JH'iUtij), Uttp) =0,ij en. Now we use the fact that Ut{n) = Q and 
obtain the equality (j9T| . 

b) Let the equality (nJTl) hold for any point of G fi. Then, in particular, 

{jn'{Ut^),Ut^) = (92) 
for any e Q. Thus |||f/t^|P = and hence \ \Utip\ \ = ||^||,t > to,^ e ^• 

We remark that ()91jl implies norm preserving even in the case when Ut is 
not surjection. 

Denote the class of maps / : f2 — R satisfying the condition (|9T| by the 
symbol W{n). 

Corollary 12.1. A Hamiltonian flow is norm preserving iff the equality 
(T^) holds. 
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The equation (^11) is a linear equation with respect to Ti 



Theorem 12.2. Let the condition H e W{n).Then n"{0) e £symp,s(^^). 
Proof. We have: (H'(^), J^) = 0. Thus n"itp)J^ + J*n'{ij) = and, 
hence, n"\'^)J^ + n"iip)J + J*n"{ip) = 0. Therefore 

[n"{0), J] = 0. (94) 



We pay attention that in general we have: 

[n"{4j),j] = -n"'WJ^. (95) 

We pay attention that, for any map H : Q H, we can represent 





dpdq 

The condition 7i"(0,0) G Aymp,s(^) implies that 

d^n _ d^i &^ _ d^n 

gq2 ' gp2 ' ' QqQp dpdq' 

The latter equality should not be surprising even in the light of the well 
known equality of mixed partial derivatives for any two times continuously 
differentiable map. Of course, we always have: 



dpidqj dqjdpi 

for any Let us consider an illustrative example. Let us consider the 
quadratic Hamilton function: 'H{qi,q2,Pi,P2) = — Q'iP2- Here we have: 

d T~L I Qq^Qp^ dq\dp2 ' / 1 



dqdp ~ I ^ 9^ -yi 

and 

\ / 1 







dpidqi 


dp\dq2 






dp2dqi 


dp2dq2 
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Opdq \ ^ ^ / V -1 



We remark that any polynomial of type considered in Example 8.1 sat- 
isfies the condition (jHH). Therefore each Hamilton function of such a type 
induces the fiow Ut{ip) that preserves the norm, e.g., TC{ip) = aiCHip , ip) + 
a2{iiip,ipY, where [H, J] = 0. But we do not know general relation between 
the functional classes of J-invariant functions and functions satisfying (f9T| . 

On the other hand, by using the condition we can easily find Hamil- 
ton functions that induce fiows which do not preserve the norm. Let us 
consider (in the two dimensional case) the map 7i(g,p) = q'^p. For this map 
the condition (f9T| does not hold true. Therefore the Hamiltonian flow cor- 
responding to this map does not preserve the norm. 

We now investigate conditions for preserving of the average. There is 
given a measure p with zero mean value ("fluctuation of vacuum"): nip = 
0. We would like to flnd a sufficient condition for preserving of this value: 
nipt = for t > 0. Let us consider the class of symmetric measures: such p 
that g^ip = p, where g-iip = —'ip- We remark that any even measure has the 
zero mean value. 

Proposition 12.1. Let p be a symmetric measure and let Ut{ip) be an 
odd Hamiltonian flow: 

Uti-ij) = -Utii,). (97) 

Then the average nip^ = for t > 0. 
We even can prove that: 

Proposition 12.2. An odd Hamiltonian flow preserves the class of sym- 
metric measures. 

Proof. We should get g*_iU* p = U^p. We have: 

j f{ij)dg*_,u:p{^p) = J f{Ut{-iJ))dpii,) = J f(-Utmdp{ij) 
= J fiu^mdpw = J fwdu^pi^). 

Proposition 12.3. Let the Cauchy problem for a Hamiltonian equations 
be well possed. Then the Hamiltonian flow is odd ifH' is odd. 

Proof, a). Let JHID hold. Then ^(tp) = -^(-^p). Thus H'(t/t(^)) = 
-n'iUt{-ij)). Hence 

n'{<P) = -H'i-cP)) (98) 

for any = Ut'ip. Since the problem is well possed, any G can be 
represented in this form. 
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b). Let now ^ hold. We have: -^(-^) = -JWiUti-^p)) = JWi-Uti-^p)). 
But the problem is well possed, so the solution is unique. Thus ([HTjl holds. 

Corollary 12.2. Let the Hamilton function 7i(V') be J -invariant. Then 
its flow preserves the averages of symmetric measures. 

Finally, we pay attention that any J-invariant measure is symmetric (and 
in particular its average is zero). 

Corollary 12.3. Let the Hamilton function 7i(V') (ind the measure p he 
J-invariant. Then the Hamiltonian flow preserves the (zero) mean value of 
P- 
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